We extend the notion of anticoherent spin states to anticoherent subspaces. An anticoherent subspace of order t is a subspace whose unit vectors are all anticoherent states of order at least t. We use Klein's description of algebras of polynomials which are invariant under finite subgroups of SU (2) on C 2 to provide constructions of anticoherent subspaces. We discuss applications of this idea to the entanglement of n qubit symmetric states. Furthermore, we show a connection between the existence of these subspaces and the properties of the higher-rank numerical range for a certain products of spin observables. We also note that these constructions give us subspaces of spin states all of whose unit vectors have Majorana representations which are spherical designs of order at least t.
Introduction
In this paper we examine subspaces of the spin s-states all of whose unit vectors are anticoherent states, a concept first considered in [17] . Loosely speaking, anticoherent states have certain low degree spin moments whose values are independent of the axis of rotation. In [17] the author studied the properties of these anticoherent states using the Majorana representation. The Majorana representation of a spin-s state was formulated in [12] , as a tool to represent a spin-s state as a set of points on the sphere S 2 ∈ R 3 . It was noted in [17] that the Majorana representations of anticoherent states seemed to have a considerable amount of geometric structure. Another investigation [6] , found a connection between the geometry of the Majorana representations for anticoherent states and so called spherical designs, a concept introduced in [7] . The authors even conjectured the equivalence of the Majorana representations for anticoherent states with these spherical designs [6] . This conjecture, was however disproved in [2] , through constructions of counterexamples in both directions. The authors of [6] , nonetheless additionally demonstrated that states which have a Majorana representation which is invariant under the orbit of a finite subgroup G of SO(3) are anticoherent states, whose order depends on G. It is this connection between the fixed point sets of finite symmetry subgroups and anticoherent states that have lead us to the results of this paper.
In the remainder of this introduction, we give a sketch of the main ideas and results in each section; full details can be found in the section. We recall from [17] , that a spin-s state is anticoherent of order t if for a subset of spin observables O the kth power of the expectation about the axisn, (n · O) k is independent of the unit vectorn for all k ≤ t moments. An anticoherent subspace is a subspace of the spin-s Hilbert space for which every unit vector is an anticoherent state of order t. In this paper, we describe how one can construct these subspaces, and demonstrate that these subspaces arise in fairly low dimensions.
In Section 2, we review the Majorana representation for spin-s states. In essence, the Majorana representation associates each spin-s pure state with a set of 2s points on the sphere S 2 . The construction of the Majorana representation starts by first mapping the set of spin-s states linearly to the set of complex polynomials of degree 2s or less. The representation is then attained by stereographically projecting the roots of the Majorana polynomial onto the sphere S 2 .
In Section 3, we discuss the work of Felix Klein [9] , on the generators of the algebra of homogenous polynomials in two variables which are invariant under some finite subgroup of SU (2). For each finite subgroup G of SU (2), Klein showed that the algebra of G-invariant polynomials is generated by three polynomials which he lists for each G. Using the Majorana representation and theorem 1 in [6] , we can show that any spin state whose Majorana representation is a G-invariant polynomial is an anticoherent state. Since the set of all G-invariant polynomials of degree less than or equal to d form a vector space; the corresponding subspace of spin states consists entirely of scalar multiples of anticoherent states, and hence is an anticoherent subspace. These constructions demonstrate that non-trivial examples of anticoherent subspaces exist for many values of spin.
In Section 4 we remark that a spin-s state has the exact same mathematical structure as the symmetric product of 2s spin-1 2 states, allowing one to uniquely associate every Majorana polynomial with a symmetric product of qubits. When we stereographically project the roots of these polynomials to obtain the Majorana representation, we obtain an extension of the Bloch sphere representation. Hence the Majorana representation can uniquely describe pure symmetric multipartite qubit states. Many highly entangled states have a high degree of rotational symmetry in the states Majorana representation. This connection between anticoherence and entanglement was previously noted in [1] . It follows that most anticoherent states and subspaces can be viewed as candidates for highly entangled multi-qubit systems.
In Section 5, we give a characterization of anticoherent subspaces in terms of the joint higher-rank numerical range of the spin observables. The numerical range is a very useful tool in the study of observables and quantum state expectations and is a nice way to analyze these anticoherent subspaces at least for the cases where these joint higher rank numerical ranges are known.
We end in Section 6, by considering subspaces all of whose unit vectors have Majorana representations that are spherical designs. Spherical designs of order t are sets of n points on the sphere {x i } which satisfy the equation
whenever f is a harmonic polynomial of degree t or less. Even though the conjectured correspondence between anticoherent states and spherical designs has been proven to be false [2] , the results in [6] show that the Majorana representations which arise from the G-invariant polynomials found by Klein are spherical designs.
The Majorana Representation and Anticoherent States
The quantum spin-s states span a 2s+1 dimensional complex Hilbert space H s , with the natural orthonormal basis {|s, −s , |s, −s + 1 , . . . , |s, s − 1 , |s, s }. We recall that S = {S x , S y , S z } are the observables for the spin measurements along the x-, y-, and z-axis respectively. In the case of spin- 
We note that ifn = (n x , n y , n z ) is any unit vector in R 3 , then the observable corresponding to spin about then-axis isn · S = n x S x + n y S y + n z S z .
Definition 1. A spin state is said to be anticoherent of order t if the expected value (n · S) k is independent of the unit vectorn for all natural numbers k ≤ t.
We now introduce the Majorana representation and its application to anticoherent states. A vector spin-s state can be written as state vector |ψ in the spin-s Hilbert space
To obtain the Majorana polynomial representation, |ψ is bijectively mapped to a complex polynomial of degree 2s
We note that the variable j runs from −s to s always in increments of length one; if s is a half-integer, the sum is taken over all half-integers between −s and s. M (z) has 2s roots in the complex plane, generating an unordered set of 2s points on the Riemann sphere S 2 via stereographic projection from the north pole:
This unordered set of 2s points is called the Majorana representation of |ψ . When s = 1 2 , the Majorana representation reduces to the well known Bloch sphere representation. The Majorana representation can best be pictured as a composition of the following correspondences.
There is a close relation between many properties of the spin-s state and the geometry of its Majorana representation. For instance, coherent states are represented as a single point on the sphere with multiplicity 2s. Eigenstates of (n · S) with eigenvalue j are represented by s + j points atn and s − j points at the antipode −n.
While the Majorana polynomial is usually written as a complex polynomial is one variable, it often convenient to work with its homogenous version.
Finally, we can define anticoherent subspaces as follows:
Definition 2. A subspace of the vector space of spin-s states is called an anticoherent subspace of order t if every unit element of the subspace is anticoherent of order r ≥ t.
The existence, construction and properties of these subspaces will be discussed in the subsequent sections of this paper.
Invariant Polynomials of Finite Subgroups
Zimba in [17] , proved that every spin state whose Majorana representation is a Platonic solid is anticoherent. This led to the natural question of whether there is a connection between the symmetry of the Majorana representation and the property of anticoherence.
Theorem 1. [6] Let G be a finite subgroup of SO(3) then the orbit of G on the two sphere is a Majorana representation of an anticoherent state whose order is bounded below by a positive integer constant depending only on G. (This integer constant is one if G is a dihedral group, two if G is the tetrahedral group, three if G is the octahedral group and five if G is the icosahedral group).
We note that if a spin state is invariant under a finite subgroup of SU (2), its Majorana respentation is invariant under the corresponding finite subgroup of SO(3) and its Majorana polynomial is invariant under the corresponding finite subgroup of SU (2). A characterization of the finite subgroups of SU (2) and the structure of the set of polynomials which are invariant under these finite subgroups has been given by Klein [9] . See the manuscript of Seade [14] for a modern account of these constructions. Klein classified all finite subgroups of SU (2). The finite subgroups consist of two infinite families of groups, the cyclic groups and the binary dihedral groups as well as three other groups: the binary tetrahedral group, the binary octahedral group and the binary icosahedral group. Collectively, these groups are called the binary polyhedral groups.
Theorem 2 (Klein) . Let G be a finite subgroup of SU (2) . Then the set of homogenous polynomials invariant under G is an algebra which is generated by three homogenous polynomials
These homogenous polynomials are called the absolute invariants of G. Klein explicitly states the polynomials which generate the algebra of invariant polynomials for any given finite group of symmetries in [9] (See also [8, 14, 16] for other expositions of this material).
As examples, the absolute invariants of the binary dihedral group of order 4n are h 1 (z,
These and the absolute invariants of the other subgroups can be found in [8, 16] The degrees of the invariant polynomials will be very important; we summarize this in the following 
Furthermore H G is a graded algebra
where H d G is the vector space of all invariant homogenous polynomials of degree d.
Remark 2. Whenever we have nonnegative integer solutions for u, v and w of
The polynomials h u 1 h v 2 h w 3 corresponding to these solutions are a spanning set for a spin-s anticoherent subspace.
The number of distinct solutions which exist for a particular s places an upper bound on the dimension of the spin-s t-anticoherent subspace. The exact dimension can be calculated by enumerating the number of products of h 1 , h 2 and h 3 that have the right degree and then checking for and eliminating linear dependencies all of which involve at least three separate terms. This means that any two different polynomials of the form h u 1 h v 2 h w 3 having the same degree will always be linearly independent but three such polynomials may not be. To find non-trivial anticoherent subspaces (i.e. those of dimension two or greater), we simply look for values of s that give us at least two distinct nonnegative integer solutions for (u, v, w) in equation 10 . The problem of which numbers s yield at least k solutions for equation 10 was considered in [3, 4] .
The binary dihedral group of order 8 gives us a 1-anticoherent subspace when spin s is any integer other than one or three. The binary tetrahedral group gives us 2-anticoherent subspaces of dimension at least two when s = 6 or s is any even integer greater than or equal to 10. The binary octahedral group gives us 3-anticoherent subspace of dimension at least two for s = 12, 16, 18, 20, 21, 22 and all integer values of s greater than or equal to 24. The binary icosahedral group gives us a 5-anticoherent subspace of dimension two for s = 30 as well as for certain larger values of s.
To give a concrete example, let us find a basis for the 2-anticoherent subspace of the spin-6 states obtained from the binary tetrahedral group. The degree twelve invariant polynomials are spanned by h 1 (z, w) 2 = z 10 w 2 −2z 6 w 6 +z 2 w 10 and h 3 (z, w) = z 12 −33z 8 w 4 −33z 4 w 8 +w 12 . These are the Majorana polynomials of unique states, let us denote these states by |ψ 1 and |ψ 2 . The subspace spanned by |ψ 1 and |ψ 2 is 2-anticoherent.
Symmetric Multipartite Qubit State Entanglement
For collections of symmetric pure quantum states made up of 2s spin-1 2 states, the Majorana representation has two further properties which will play a role in our following discussion. Firstly we remark that applying a symmetric local unitary to the system of 2s spin- Recall a pure two level quantum state is a spin-
Definition 3. A multipartite symmetric n-qubit state is of the form
where each φ i ∈ H and σ is a permutation of the symmetric group on n objects S n .
Each state of the form (11) has a unique representation as a set of Majorana points
on S 2 through the correspondence in (5).
It has been shown that there is a relationship between the spread of a multipartite qubit states Majorana representation and the entanglement of the state [1, 13] . In fact by a result in [11] , which we state below, one can argue that the states which have their Majorana representation maximally spread out tend to be invariant under certain finite subgroups of SO(3), allowing us to obtain a class of states that are highly entangled.
We first remark that both entanglement and anticoherence appear to be properties which are maximized when the Majorana representation admits certain types of symmetry. The most obvious is that entanglement appears to maximized when the points in the Majorana representation are as spread out as possible from one another as noted in [13] . However, the problem of maximizing distances between points on a sphere is far from trivial when one has no information about the underlying behaviour of the potential.
The following result of Leech [11] allows us to consider the problem of spread in terms of rotational symmetry. The relationship is due to the fact that sets of critical points for these potential functions are highly symmetrical.
Theorem 3 (Leech, [11] ). The sets of critical points on S 2 which remain fixed under any potential are those which are invariant under non-trivial rotation about each point.
Using this approach we consider a family of configurations that depend in no way on a potential. This allows us to think of them purely algebraically instead of with respect to a certain analytical characterization.
The set of rotations which leave these points invariant form a group under composition. We denote the set of configurations that are invariant under rotations about each point as the set of Leech configurations. The Leech configurations are explicitly found in [11] ; there are finitely many and they largely consist of either the set of vertices of a Platonic solid or the set of midpoints of all edges of a Platonic solid. We claim that the set of Leech configurations are candidates for high entanglement and these states are all anticoherent by theorem 1. From here the remarked connection between anticoherence and entanglement provides for the construction of candidate highly entangled multipartite qubit states. Leech's result has been generalized considerably in [5] where classes of optimal configurations on higher dimensional spheres have been found.
The Higher Rank Numerical Range and Anticoherent Subspaces
We begin by introducing the joint numerical range. The joint numerical range is convex when m ≤ 2 or when both m = 3 and dim(H) ≥ 3. There are examples where the joint numerical range is not convex in other cases.
The joint rank-k numerical range numerical range was first defined in [10] . , x 2 , ..., x m ) : P H j P = x j P for some rank−k projection P and for all i : 1 ≤ i ≤ m.
The joint rank-1 numerical range is simply the joint numerical range.
Definition 6. Let V s,t denote the vector space of trace zero 2s+1 dimensional matrices spanned by all products of at most t not necessarily distinct spin s spin operators.
The vector space V s,1 has a particularly simple structure. The spin matrices S = {S x , S y , S z } form a basis for V s,1 .
The following result follows almost immediately from the definition of an anticoherent state: Lemma 1. Let |φ be a spin s pure state. Then |φ is anticoherent of order t if and only if φ|A|φ = 0 for all A ∈ V s,t .
We can rephrase this result in terms of the joint numerical range. 
Spherical Designs
In what follows Ω n = {x ∈ R n : x = 1} will denote the unit sphere in R n endowed with the standard measure.
Definition 7. [7]
A spherical t-design on Ω n is a finite set of points x 1 , x 2 , ..., x k ∈ Ω n such that Spherical designs were first introduced in [7] . Sobolev was the first to propose that orbits of finite subgroups of O(n) be used as cubature for numerical integration over the surface of the n-sphere [15] .
The connection between t-anticoherent states and spherical t-designs was noted in [6] , where it was observed that spin-1 and spin-3 2 states where anticoherent of order 1 if and only if their Majorana representations were spherical 1-designs. These partial results lead the authors of [6] to conjecture that a symmetric spin state is t-anticoherent if and only if its Majorana representation is a spherical t-design. However, it was shown in [2] that this conjecture was false in both directions.
The orbits of the finite non-Abelian subgroups of SO(3) are all spherical designs. An orbit of the tetrahedral group is a spherical design of order at least two, an orbit of the octahedral group is a spherical design of order at least three and an orbit of the icosahedral group is a spherical design of order five. Our constructions of anticoherent subspaces all arise from finite symmetry groups and therefore all of the subspaces constructed in section three are also spherical design subspaces.
